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Abstract. We introduce a modular completion of the stack of maps from 
stable marked curves to the quotient stack [pt/C x ], and use this stack to 
construct some gauge-theoretic analogues of the Gromov-Witten invariants. 
We also indicate the generalization of these invariants to the quotient stacks 
[A/C x ], where A is a smooth proper complex algebraic variety. 
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In this paper we construct algebro-geometric Gromov-Witten invariants for the 
quotient stack [pt/C x ]. These invariants are the "twisted" indices of products 
of evaluation K-theory classes on certain moduli stacks M fl) /([pt /C x ]), which 
classify maps from marked nodal curves to the quotient stack [pt /C x ]. These 
are the moduli stacks of principal C x -bundles on such curves. We do not impose 
stability conditions on these bundles, and our moduli stacks are Artin stacks 
that are very far from proper. Consequently, the existence of these invariants is 
non-trivial. Our main theorem asserts that they are, in fact, well-defined. 

This construction is the first step in a larger project, the goal of which is 
to define Gromov-Witten invariants for the Artin stacks [X/G], where X is a 
smooth projective variety and G is a reductive algebraic group over C. Similar 
invariants (in the case where G is a finite group) have already been defined in 
the symplectic setting by Chen & Ruan [CR02] and algebro-geometrically by 
Abramovich, Graber, Olsson, & Vistoli [AV02, AGV08]. In this paper, we explain 
(modulo a certain conjecture) how to define invariants for [A A /C X ] in terms of our 
invariants for [pt /C x ]. 
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We expect that these invariants - defined as twisted indices of products of 
evaluation classes on moduli stacks of maps from marked curves to [X/C x ] 
may be interpreted as correlation functions in a topological quantum field theory. 
This quantum field theory is in some sense a gauge theory. The stack of algebraic 
principal G-bundles on a smooth curve £ is homotopy equivalent [AB83] to the 
stack of if-connections on E, where K is the compact form of G, and so one can 
view our construction of Gromov-Witten invariants for [pt /C x ] as a topological 
version of Feynman path integration over the space of [/(l)-connections. 

Similar invariants have been studied by Mundet, Cieliebak, Gaio, Salamon, and 
Tian [MiROO, CGSOO, CGMiRS02, MiR03, MiRT04] , who defined invariants for 
symplectic manifolds with Hamiltonian [/(l)-actions by integrating over coarse 
moduli spaces of solutions to the symplectic vortex equations, and by Gonzalez 
& Woodward [GW08, GW09], who considered the generalization from U(l) to 
compact reductive groups. In fact, the idea that the path integral of a gauged 
nonlinear sigma model might compute cohomological invariants of moduli spaces 
of connections A and cti-holomorphic sections of a bundle with fiber X appears in 
Witten's original paper on topological sigma models [Wit88]. For a more recent 
perspective on this, see the study [FLN08] of gauged sigma models in the "infinite 
radius limit" . 

Our invariants differ from the existing ones in that we do not impose stability 
conditions in the sense of geometric invariant theory on the maps to [X/C x ] and 
the invariants take values in .fT-theory rather than cohomology. (Our approach 
has been outlined, in particular, in a lecture given by one of us at the Seattle 
conference in 2005 [Tel05].) The proof of finiteness of these invariants uses a 
technical argument adapted from [TelOO]. Consequently, our invariants are de- 
fined in greater generality than the known ones. Indeed, we expect to recover 
the Gromov-Witten invariants of GIT quotients from our invariants by applying 
the Chern character to certain limits of our invariants. This was done for smooth 
curves and maps to [pt / G] in [TW03] . 

0.1. Sketch of the Construction. We explain here the construction of invari- 
ants for [pt /C x ]. (The invariants for [X/C x ] are built up from this special case.) 

To begin, we need a completion of the stack Bun C x(g, J) of maps from stable 
marked curves to [pt /C x ]. Recall that defining a C x -bundle on a nodal curve 
E is the same as defining a C x -bundle on the normalization of E together with 
the data of identifications of the fibers at the preimages of the nodal points. 
Bun C x (g, I) fails to be complete because the space of identifications over a given 
node is isomorphic to C x . Following Gieseker [Gie84] and Caporaso [Cap94], we 
get a completion - denoted M 9) /([pt /C x ]) - by adding new strata which represent 
the limits where an identification goes to zero or infinity by allowing projective 
lines carrying the line bundle Opi(l) to appear at the nodes. (Similar completions 
of various stacks of vector bundles on nodal curves have been studied by many 
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authors; see the reviews [Kle84, Ale04]. Our definition was inspired by Caporaso's 
thesis [Cap94]^and the papers of Nagaraj & Seshadri [NS97, NS99].) 
The stack M 9i /([pt /C x ]) has a forgetful map 

F:M 9i/ ([pt/C x ])^M 9i/ . 

It also carries a) a universal curve ix : C — > M 9i /([pt /C x ]) with marked points 
Oi : M 9i /([pt /C x ]) — > C and b) a universal principal C x -bundle p : 7 — > C, rep- 
resenting the universal map : C — > [pt /C x ]. Composition gives the evaluation 
maps evj = o <j{. 

ev J :M 9 , / ([pt/C x ])^[pt/C x ]. 
A vector bundle on [pt /C x ] is a C x -representation V. Pulling these back along 
the universal morphism <fi gives the universal vector bundles V = <f)*V on C. 
Likewise, if we pull K-theory classes [V] G if([pt /C x ]) ~ K C x(pt) back along 
the maps evj, we obtain the evaluation classes ev*[V]. 

The Gromov-Witten invariants of [pt /C x ] (like those of a variety X) result 
from pushing a product of evaluation classes forward along the forgetful morphism 
F. However, our setup differs from the standard one in two ways. 

(1) Our invariants are constructed in K-theory, rather than co ho mo logy. 

(2) Our invariants are always twisted, in the sense of [CG07]. 

Twisting requires some definition. A line bundle L on M S) /([pt /C x ]) is said to 
be admissible if (topologically) 

£ _1 ~ (detRir*<f)*V)® r , 

where V is a non-trivial irreducible C x -representation and r is a positive rational 
number. An L-twisted Gromov-Witten invariant of [pt /C x ] is the Euler char- 
acteristic (on M. g j) of the twist by (admissible) £ of a product of evaluation 
classes: 

(Vi, V W ) Z = Xm 3J fa (£> ® ev? V-)) . 

One can also twist by powers of the index classes Rn^V of vector bundles V on 
C; these classes may be assembled into higher twistings. An admissible complex 
is a sum of products of complexes of the form 

£ ®a(R^V a ) na (g) ®*(ev* Vi ® T® ni ). 

The subring of X(M fli /([pt /C x ]) generated by such products is called the ring of 
admissible classes. It is a subring without unit; the trivial line bundle is not 
admissible. It is not obvious that the push-forward of an admissible class along F 
is well-defined, because the moduli stacks M ffi /([pt /C x ]) differ from Kontsevich's 
stack of stable maps in two important ways. 

First, M Si /([pt /C x ]) is an Artin stack, rather than a Deligne-Mumford stack; 
points can have a finite-dimensional stabilizers. It is for this reason that we use 
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K-theory instead of cohomology. The forgetful morphism F to the stack of curves 
is always Artin, and it is generally impossible to push cohomology classes forward 
along such morphisms. The problem can be understood as follows. The fibers 
of F are quotients stacks of the form [-A/S] (9 a group), and integrating over 
[A/ 9] amounts to first pushing forward along [A/ 9] — > [pt /9] and then pushing 
forward along [pt /9] — > pt. But the latter pushforward is zero in cohomology. 
Indeed, pushing forward along [pt/9] — > pt shifts the degree of a cohomology 
class by — dim([pt /9]) = dim(9), so the only classes with non-zero push-forward 
live in H s dim(S) (pt). But ifg(pt) vanishes if n is negative. In K-theory, on the 
other hand, the pushforward along [pt/9] — > pt does exist. The class [V] G 
-Kg(pt) represented by a 9-niodule V is sent to the K-theory class [V s ] G K(pt) 
represented by the vector space of 9-invariants in V. 

The second problem is that M Si /([pt /C x ]) is very far from proper. It is com- 
plete, but it is in general neither separated nor of finite type. Thus, the existence 
of a pushforward along the forgetful morphism to M fli j is a delicate matter; not 
every K-theory class on M fli /([pt /C x ]) has a well-defined index. The main theo- 
rem in this paper asserts that the particular classes we want to push forward do 
indeed have well-defined index. 

(There is a third difference, which makes things easier: The stack M 9j /([pt /C x ]) 
is unobstructed, so we don't need to use virtual structure sheaves.) 

Main Theorem. The derived pushforward RF^a of an admissible complex a 
along the bundle-forgetting map F : M S) /([pt /C x ]) — > M. g j is a complex of co- 
herent sheaves. 

This theorem is a relative version (allowing the curve to vary) of the finiteness 
theorem proved on Bun G (S) in [TW03]. The proof, in rough outline: 

(1) Coherence is a local property, so we can work in an afline etale neighbor- 
hood B in M g j. For small enough B, the restriction of M fli /([pt /C x ]) to B 
can be presented as a stack quotient [A/9], where A is an algebraic space 
classifying C x -bundles equipped with trivializations at marked points la- 
belled by a set V, and 9 = (C x ) y . Since B is afline, we can prove coher- 
ence by showing that the 9-invariants in the global sections RT(A, a) are 
finitely- generated over B. 

(2) The Kirwan-Ness stratification associated to the 9-action on A is com- 
patible with the stratification by degeneracy type, which tracks the mul- 
tidegrees of the bundles. This fact makes it possible to identify algebraic 
subspaces S G A for which [S/S] — Q x [pt /C x ], with Q proper over B. 

(3) The 9-weights of the fixed point fibers of admissible line bundles grow 
linearly with the multidegree, while the weights of evaluation classes and 
their descendants and index classes are bounded functions of the multide- 
gree. These estimates make it possible to prove that the 9-invariants in 
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the local cohomologies of admissible complexes on the degeneracy strata 
are always coherent, and are non-zero in only finitely many cases. This 
result allows us to reduce the question of finite-generation of invariants 
on A to S, where it follows trivially from the properness result. 

0.2. Invariants for [X/C x ]. Recall that [X/C x ] is defined so that maps from a 
curve £ to [X/C x ] correspond to pairs (D 5 , s) consisting of a principal C x -bundle 
and a section s G Tx C x X) of the associated bundle with fiber X. To define 
Gromov-Witten invariants for [X/C x ], we need a moduli stack M^/^QX/C*]) 
of curves and degree (3 maps to [X/C x ] on which we can define tautological 
classes, and we need a way of defining the pushforward of these classes from 
M^ax/C-DtoM^. 

In this paper, we define an appropriate moduli stack M. g j t p([X/C x ]). This 
stack has a natural section-forgetting morphism 

The fibers of this morphism are stacks of sections of bundles with fiber X as- 
sociated to Gieseker bundles. Such sections are locally maps to X, so they can 
develop singularities in the same way. Following Kontsevich, we ensure that Fp 
is proper by allowing bubbling at points where such singularities occur. 

Thus, the morphism Fp is very much like the morphism Fp : M, g j t p(X) — > M, g j 
used in ordinary Gromov-Witten theory. We prove, in fact, that the morphism F s 
is proper, Deligne-Mumford, and carries a perfect obstruction theory, relative to 
M Sr r([pt /C x ]), which is smooth. (The proofs are straightforward generalizations 
of the usual ones in Gromov-Witten theory.) These facts imply the existence of a 
virtual K-theoretic pushforward along Fp. We conjecture that the virtual push- 
forward of an admissible class along Fp is an admissible class on M S) /([pt /C x ]). 
If this conjecture holds, then we can safely define the Gromov-Witten invariants 
of [X/C x ] to be the K-theory classes on M S) j obtained by applying F™ and Fy* 

to an admissible class on M. g j t p([X/C x ]). 

0.3. Plan of the Paper. In Section 1, we review basic facts about principal 
C x -bundles on curves, then define the moduli stack M 9j /([pt /C x ]) of Gieseker 
bundles on stable curves, and discuss a few examples (small g and |/|). 

In Section 2, we introduce an atlas A for our stack, and discuss the deformations 
of Gieseker bundles. We then draw a few basic conclusions about the geometry 
of M 9i/ ([pt/C x ]). 

In Section 3, we show that the Kirwan-Ness stratification of A (for its given 9 = 
(C x ) v '-action) is compatible with (a certain refinement of) the induced degeneracy 
stratification. We also introduce some finite-type subspaces of A and explain how 
to think of them in terms of the stratification. 
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In Section 4, we define admissible classes and estimate the behavior of the 9- 
weights of their fixed point fibers as functions of the multidegrees of the bundles 
classified by the fixed points. 

In Section 5, we define the Gromov-Witten invariants for [pt /C x ] and prove 
local cohomology theorems which imply they are well-defined. 

In Section 6, we explain how to define Gromov-Witten invariants for [X/C x ]. 
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I. The Stack of Gieseker Bundles 

In order to define the Gromov-Witten invariants of [pt /C x ] we need appro- 
priate moduli stacks of marked curves carrying principal C x -bundles. In this 
section, we introduce such stacks and discuss a few simple examples. 

We always work over C. 

1.1. Curves. In everything that follows, (C, <7j) is a family of prestable marked 
curves, over a finitely-generated complex base scheme B. More precisely, 7r : C — > 
B is a flat proper morphism whose fibers are connected complex projective curves 
of genus g with at worst nodal singularities, carrying a collection of marked points 
<7j : B — > C which are indexed by an ordered set /. A point Oi is special if it is a 
node or a marked point. We shall always assume that any rational components 
of C have at least two special points. 

We usually reserve the notation (E, <jj) for families of stable marked curves. 
Recall that a marked curve is stable if each component of genus carries at least 
3 special points and each component of genus 1 carries at least 1 special point. 
M g j denotes the stack of stable genus g, /-marked curves. 

Notation 1.1. We will need to label three kinds of special points on C: ordinary 
marked points, nodes, and trivialization points. The latter are marked points at 
which we will trivialize the fibers of a C x -bundle, but which are not required to be 
non-degenerate and do not count when determining stability. We will denote all 
such points by a, distinguishing them by the subscript. Ordinary marked points 
are denoted <7j, with i E I. Nodes are a e , with e in a set E. Trivialization points 
are denoted a v , with v in a set V. 

We use modular graphs to represent the topological type of a marked curve. 
Recall [BM96] that the modular graph 7 of a curve (C, a { ) consists of: 
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(1) a vertex set V 1 (one vertex v for each component of C) 

(2) a half-edge set i7 7 (one half-edge for each special point of C), 

(3) a gluing map <9 7 : if 7 — > (attaching half-edges to vertices), 

(4) an involution j 1 : H y — > iJ 7 , and 

(5) a function g : Vy — > M (assigning to i> the genus g„ of the normalization 
C v ). 

The involution j 7 generates an action of Z/(2) on /J 7 , and the orbit set is a 
disjoint union of the set J 7 of tails (singlets, corresponding to marked points on 
C) and the set i? 7 of edges (doublets, corresponding to nodes of C). The set E 1 
may be further decomposed into the union 

£ 7 = Et plit U lf 



of the set of splitting edges (which connect different vertices) and the set of self- 
edges (which start and end at the same vertex). 





Figure 1. A (stable) marked curve and its associated modular 
graph, which has two splitting edges, one self-edge and one tail. 

The substack of M S) j which classifies marked curves of type 7 is denoted M 7 . 
These substacks stratify M. g j, in the sense that the closure of any M 7 is a union 
of modular graph-labeled substacks. The boundary divisors in this stratification 
have normal crossings. 

1.2. Bundles on Nodal Curves. The quotient stack [pt /C x ] is, by definition, 
the classifying stack for principal C x -bundles. Any principal C x -bundle p : 7 — > 
C determines and is determined by a map <fi : C — > [pt /C x ] such that the 
following diagram commutes. 

9 -Pt 



c — £ [ pt /c x ] 

The degree d of a principal C x -bundle 9 is the degree 0*[C] G H^* (pt) of the as- 
sociated morphism. The multidegree d of CP assigns to each irreducible component 
C v C C the degree d v of 7\c v - 

d-.V^ (pt) ~ Z 
v I— > 
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where Vy is the set of vertices of the modular graph 7 of C. 

When reasoning about C x -bundles on a fixed nodal curve C, we shall often use 
the following fact: Let v : C — > C denote the normalization of C. A principal 
bundle CP on C determines and is determined by the following data: 

(1) a principal C x -bundle CP (= v*9), and 

(2) for each node a G E, a gluing isomorphism g : CP CT + ~ CP CT +, which identifies 

the fibers of CP over the preimages <j ± of <r under z/. 

Morally, the gluing isomorphiss are "transition functions" for two open sets whose 
intersection is the node a. 




Figure 2. Realizing CP as CP together with a gluing datum g 

This picture can also be used to understand the automorphisms of C x -bundles. 
The automorphism group of the C x -bundle CP is the product (C x ) y x (C X ) 2V ", 
where V is the set of stable components of C and V is the set of rational compo- 
nents which have two special points. On a stable component of C, we can rescale 
the fibers of CP, while on each unstable rational component (assumed to have two 
special points), we can rescale the bundle and we can lift the C x of rotations of 
the curve. The automorphism group (C x ) v x (C x ) v ' acts on the set of gluing 
isomorphisms, in the obvious way: For example, if we have a gluing isomorphism 
g which connects stable components C v and CV (not necessarily different), then 
rescaling sends g to g v gg^, 1 ■ 

An automorphism of CP gives rise to an automorphism of CP if it fixes all the glu- 
ing isomorphisms. Note that, since C x is commutative, the gluing isomorphisms 
associated to self-nodes are automatically fixed by automorphisms of CP. 

1.3. The Gieseker Completion. By thinking about bundles on the normaliza- 
tion of a curve C, it is easy to see that C x -bundles on nodal curves can become 
singular in families. The problem is that the space of gluing isomorphisms at a 
node a G C is a copy of C x ; in families, these isomorphisms can approach the 
degenerate limits ±00. More formally, the stack Bun C x (g,I) of C x -bundles on 
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stable marked curves of type (g, I) does not satisfy the valuative criterion for 
completeness. 

We "fill in the holes" in Buncx (g, I) by enlarging the classification problem 
slightly: We allow copies of P 1 to appear at the nodes of stable curves, and 
insists that these P 1 carry degree 1 bundles. 

Definition 1.2. A morphism m : C — > £ of prestable curves is a modification if: 

(1) m is an isomorphism on the complement of the preimage of the nodes of 
£, and 

(2) the preimage under m of every node in £ is either a node or a P 1 with 
two special points. 

If a G £ is a node and m~ 1 (a) ~ P 1 , we will say that £ has been modified at a. 
A modification m : C — > £ is a modification of I -marked curves if o~i = m~ 1 (a ; i ). 

Note (a) that the notion of a modification of marked curves makes sense in 
families, (b) that modifications of marked curves do not introduce bubbles at 
marked points, only at nodes, and (c) that a smooth curve £ has no non-trivial 
modifications. 



£ C 




FIGURE 3. A nodal curve £ with a marked point a 1 and its unique 
non-trivial modification C 

Definition 1.3. A Gieseker map to [pt/C x ] is a pair ((C, <7j),CP) consisting of 
a prestable marked curve (C, <7j) - whose stabilization we denote (£, <7j) - and a 
principal C x -bundle p : CP — > C, for which 

(1) the stabilization morphism m : C — > £ is a modification of /-marked 
curves, and 

(2) For every node a E £ for which m' 1 (a) ~ P 1 , the restriction CPIm-i^) has 
degree 1. 

The degree of a Gieseker bundle is the degree of the bundle CP. 

We will frequently use the term "Gieseker bubble" for unstable P x 's carrying 
degree 1 bundles. Likewise, we will often say that the pair (m : C — > £, CP) is a 
"Gieseker bundle" on the stable curve (£,(7j). 

Example 1.4. Let (£, <7j) be a stable curve of genus zero with four marked 
points. We assume £ is nodal, with two components Pj and P2 meeting at 
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an ordinary double point. (If X is smooth, Gieseker bundles are just ordinary 
bundles, which are classified by their degree and have automorphism group C x .) 
Gieseker bundles on E come in two flavors: 




P\ pi P\ Pi 

Figure 4. Gieseker bundles on P 1 UP 1 . Components are labelled 
with their degrees. 

(1) Ordinary C x -bundles on X: These are classified (up to isomorphism) by 
their multi-degrees d = (di,d 2 ). The automorphism group of any such 
bundle CP is a copy of C x , which rescales the fibers of CP. 

(2) Gieseker bundles on the unique modification C of X: These are also clas- 
sified by their multidegrees d = (di,l,d 2 ). The automorphism group of 
any such bundle is a copy of (C x ) 2 . One can rescale the bundle fibers, 
and one can lift the automorphisms of the unstable P 1 to automorphisms 
of the bundle. (This is easily seen by working on the normalization C. 

Example 1.5. Let (X,(Xi) be the "boundary divisor" in M^i, a curve whose 
single rational component has one marked point (<xi) and one self-node (a). 

Let's fix a total degree d. The degree d Gieseker bundles on (S,o"i) come in 
two flavors, ordinary C x -bundles on X and bundles on the modification of £ at 
a. 




Figure 5. A pictures of (X,<7i) and its modification (C, ai). 

The normalization of X is a copy of P 1 . Line bundles on P 1 are classified by their 
degree, so the ordinary degree d bundles on X are classified (up to isomorphism) 
by the gluing data associated to a. The space of such gluing data is a copy of 
C. a is a self-node, so these gluing isomorphisms are fixed by bundle rescalings. 
Hence the automorphism group of an ordinary bundle on X is a copy of C x . 

The modification C has two rational components and two nodes, so a bundle on 
C is specified by two gluing isomorphisms. However, these gluing isomorphism do 
not classify; we can rescale the bundle differently on each component of the nor- 
malization C and we we can lift the rotations of the Gieseker bubble. A rescaling 
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and the rotations can be used to fix the gluing isomorphisms, so (up to isomor- 
phism) there is only one bundle on the modification which satifies the Gieseker 
conditions. The automorphism group of this bundle is a copy of C x , coming from 
the remaining automorphism of the bundle data on the normalization. 

Remark 1.6. The following story, though not rigorous, can help to understand 
the intuition behind these definitions. 

Fix a nodal curve E and suppose that we have a family of C x -bundles on S, 
parametrized by a coordinate t, for which the gluing isomorphism g : 3 3 cr + — > Dr- 
over a node a G £ approaches at t — > 0. (Assuming that g — > is no loss of 
generality; the other limit g — > oo is equivalent to g^ 1 — > 0.) We want to replace 
this singular limit with a bundle defined on some other curve C. 

One can guess how to do this by looking at a section s of an associated fiber 
bundle V = x C x C. If we lift s to a section s on the normalization, it must 
obey 

s(a + ) = gs{a~). 

In this limit, we must have s(a + ) — > 0. By continuity, the section s on E must 
have a zero which approaches the node as g — > 0. (When g — > oo, the zero 
approaches the node from the other side.) 

To keep track of how a single zero z approaches the node, we should replace 
the singular limit with a new bundle on C obtained by creating a P 1 at the node. 
(This P 1 records the way the zero approached the node.) The section on this new 
component must have one zero and no poles, so the degree of the new bundle 
on this component must be 1. The total degree of the bundle is a topological 
invariant, so the degree of the bundle on the original component will drop by 1. 



d df d - 1 l df 




Figure 6. A zero approaches at node, leading to a Gieseker bubble 



Definition 1.7. M^/Qpt /C x ]) is the fibered category (over C-schemes) which 
classifies Gieseker bundles on stable genus g, /-marked curves. Its objects are 
tuplets (B, C, o~i, CP) consisting of 

• a test scheme B, 

• a flat projective family n : C — > B of pre-stable /-marked, genus g curves 
with marked points <7j : B — > C ', and 

• a principal C x -bundle p : 7 — > C 
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such that for every closed point b e B, the pair ((C&, 0"^), IP|cJ is a Gieseker map 
to [pt /C x ]. The morphisms in this category are Cartesian diagrams 

p' p 
c — c 

tt' tt 

£' »- 

where / is C x -equivariant and = f o o\. 

Notation 1.8. The degeneration type of a pair ((C,a i ),'J > ) is the pair (7, d) con- 
sisting of the modular graph 7 of (C, <7j) and the multidegree d of T. M 7) d is the 
substack of M 9i /([pt /C x ]) which classifies bundles of degeneracy type (7,0?). 

Remark 1.9. The condition that a pair ((C, <Ji),?) be a Gieseker map can be 
phrased purely in terms of the degeneracy type. 

In Section 2, we will introduce an atlas for M 9i /([pt /C x ]) (thereby proving 
it to be a stack) and discuss its geometric properties. In the remainder of this 
section, we introduce notation for our stack's universal families and its modular 
graph decomposition, and then discuss a few key examples. 

1.4. Universal Families. By virtue of its definition, M 9i /([pt /C x ]) carries sev- 
eral universal families. It carries a family of semi-stable curves 

7r:C^M g , 7 ([pt/C x ]) 

with marked points 

^:M Si/ ([pt/C x ])^C 
indexed by J, and it has a principal C x -bundle 

p : y -> c. 

The universal C x -bundle defines a universal map 

0: C ^ [pt/C x ] 

and the compositions evj = <fi o en are the evaluation maps 

ev J :M, i/ ([pt/C x ])^[pt/C x ] (iel). 

Finally, there is a natural morphism 

F:M Si/ ([pt/C x ])^M 9)7 

which forgets the principal bundle T and sends the semi-stable marked curve 
(C, (Tj) to its stabilization. 
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1.5. Examples. We treat three examples here. The first is trivial. The second 
is the simplest example in which the Gieseker bubbles can be seen. The third 
illustrates how the substacks classifying non-trivial Gieseker bundles "fill in the 
gaps" between the substacks which parametrize bundles which live on the same 
nodal curve but have different multidegrees. 

Example 1.10 (genus zero, 3 marked points). Mo,3 is a point; there is, up to 
equivalence, only one stable genus zero curve with 3 marked points. On this 
curve, up to equivalence, there is one bundle of degree d; any d e Z is allowed. 
The automorphism group of Opi(d) is a copy of C x , so we conclude 

M , 3 ([pt/C x ])^LJ[pt/(C x ]. 

Example 1.11 (genus one, 1 marked point). This example shows the Gieseker 
completion at work. 

Let's fix the total degree d of the Gieseker bundles. We'll represent the stack 
•M-ii([pt / ( C- X ]) °f degree d Gieseker bundles as a quotient L4/C x ], where A is 
the stack which classifies pairs ((C, ( ?),t) consisting of a Gieseker bundle and a 
trivialization t : 7 a ~ C x of the Gieseker bundle at the marked point a. A also 
comes equipped with a forgetful map / : A — > M^i. 

Over smooth curves (E,ai), the fibers of / are copies of the Jacobian Jac(E) 
of E. The Jacobian of E is a copy of E, so over M^i, the stack A is simply 
a copy of the universal curve E^i. In fact, this is also true over the boundary 
divisor of Mi,i. We saw in Example 1.5 that the space of Gieseker bundles (with 
a trivialization t to eliminate the global rescaling automorphisms) is obtained by 
gluing a copy of the point pt to a copy of C x . This gluing identifies the pt with 
both and oo, so the resulting curve is a copy of (E, a±). 

Example 1.12 (genus zero, 4-marked points). Recall that Mo,4 is isomorphic to 
P 1 . The open locus classifying smooth curvces is P 1 \ {0, 1, oo}, and the boundary 
divisor {0, 1, oo} classifies reducible nodal curves with two marked points on each 

Let B = P 1 \ {1, oo} = A 1 \ 1 and consider the family (E, a t ) : B ^ M , 4 of 
marked curves obtained by restricting the universal marked curve E ,4 to B. This 
family is a deformation of the curve (E c , <r j) which has two components meeting 
at a common node and each carrying two marked points. 

We will describe the stack Mo^Qpt /C x ]) by giving an atlas A for the restriction 
F\ B : M -> B of F : M , 4 ([pt /C x ]) -> M , 4 to B. (Nearly identical descriptions 
apply near 1 and oo in M ,4, and M ,4([pt /C x ]) is obtained by gluing these local 
descriptions.) Let V be the subset {0, oo} C /. The atlas A is the algebraic space 
(scheme, in fact) which classifies isomorphism classes of tuplets 



(C, <7j, [P, to? ^oo) 
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where (C, <7j, D 5 ) is a family of Gieseker bundles on the curve H/B and the t v E 
r(5,cr*J ) ) are families of trivializations based at the marked points and oo. 
(For any closed point b G B, t v {b) is a point in the fiber of CP at a v {b).) 
A is a disjoint union 

A = U deZ A d 

of isomorphic subschemes which classify Gieseker bundles of total degree d. In 
the remainder of this example, we fix a total degree d, and focus on A d . 

Gieseker bundles on the fibers of n : E — > I? were classified in Example 1.4. 
Adding the two trivializations eliminates the automorphisms, and introduces an 
extra degree of freedom on the unmodified curves, which may be thought of 
as the ratio of the two trivializations. Thus, the generic fiber of the forgetful 
morphism / : A d — > B is isomorphic to C x , while the special fiber is an endless 
chain of rational curves U„ e zP*. The open C* C P* classifies bundles-with- 
trivializations whose multidegree is (d + n, —n). The non-empty intersection 
points pt n = P^_ 1 fl classify bun dies- with-trivializations whose multidegree is 
(d + n — 1, 1, —n). (For reasons of space, we have drawn only finitely many of the 
P^s in the figure below.) 




The action of the group (C x ) y = C X x C£, which rescales the trivializations 
preserves the forgetful morphism /. The diagonal C (C x ) v acts trivially. 
For later computations, it is useful to have an explicit Cech cover of A. Let 

A d , n = SpecC[z n ,w n ] ~ A 2 . 
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We obtain Ad by gluing A^ n -i to A^n, identifying the open sets U Wn and U Zn _ 1 
via the relation w n = l/z„_i. (Here U Wn = Spec C[z n , tu n ](™„) ~ A x C x ; likewise, 
C4 n _ 1 .) The morphism / : A — > £> is given by b = z n w n , where b is the standard 
coordinate on B C SpecC[6]. In this notation, pt n is the origin, C x is the z n 
coordinate axis, and C^_ x is the w n coordinate axis. Finally, (C x ) v ~ (C x ) 2 acts 
on Ad, with weight (1, —1) on z n and weight (—1, 1) on w n . Thus, the diagonal 
acts trivially, and the fixed points are picked out by z n = w n = 0. One may think 
that z n oc w~ l oc to/too, at least generically. 

2. The Geometry of M gJ ([pt /C x ]) 

In this section, we describe the geometry of M 9) j([pt /C x ]). 

We exhibit an atlas for our stack. We will use this atlas - denoted A - in 
the proof that the Gromov-Witten invariants of [pt /C x ] are well-defined. While 
discussing atlases, we also prove that the stack of Gieseker bundles satisfies a 
valuative criterion for completeness. 

Second, we discuss the deformations of Gieseker bundles. We use this in- 
formation to describe the connected components of M 9) /([pt /C x ]) and to give 
M 9) /([pt /C x ]) a stratification by degeneracy type. 

2.1. Our Favorite Atlas. The atlas defined in Proposition 2.2 below generalizes 
the ones in Examples 1.11 and 1.12. 

Let (E , <7 0) j) be a point in M S) j, with modular graph 7 G , and let B be an affine 
etale coordinate chart centered at (£„, cr 0j j), represented by a curve (E, <7j) over 
B. We can assume with no loss of generality that the modular graph strata of B 
coincide with the coordinate axes, so that (E c , a o i ) is the most degenerate curve 
in the family. M, g j is covered by charts of this form. 

We denote the fiber of F over B by M(£, CTi )- This stack classifies Gieseker 
bundles on the family (E, <jj). 

M (s , CTi) — M 9i/ ([ P t/C x ]) 

F 

B *MgJ 

We want to exhibit an atlas for M(s, CTi )- 111 the moduli theory of bundles, one 
often obtains atlases by fixing one or more marked points and then parametrizing 
bundles equipped with trivializations at these marked points. We would like to 
do this in families. 

Definition 2.1. Suppose that C comes equipped with a marked point a : B — > C. 

A family of trivializations based at a is a section t G T(B, a* 1 ?). 
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Such families of marked points induce isomorphisms t a ^ : — C x for every 
geometric point b e B. 

Proposition 2.2. (1) Let V = V~ jo be the vertex set of the modular graph of 
(E ,(7 0i i). After etale refinement of the neighborhood B, we may choose 
a collection of marked points o~ v : B — > E ( with v e V) such that every 
component of every geometric fiber of £ carries at least one of the a v . 
(2) Let A = A(z ta .)({a v }) denote the stack which classifies triplets 

((C,<Ti),p :?^C,t v e r(B,a* v 9)} veV J 

of Gieseker bundles with trivializations at the selected marked points. A 
is an algebraic space. Moreover the natural action of S — (C x ) v , with 
the v-th copy C x resettling the v-th trivialization, displays M(s )<Tj ) as the 
quotient stack 

M (s , CTi) = [A/9]. 

Proof. The first claim follows from the local geometry of the stack of marked 
curves. If we choose one new marked point a v on each component of E G , we 
obtain a point in the moduli stack M. g juv- After etale refinement B' — > B, 
there are no obstructions to lifting the morphism B' — > M Si j to a morphism 
B' — > M Si / u y- 

To prove the second claim, we observe that the (C x ) v action preserves the 
fibers of the forgetful map / : A — > B. Representing a bundle on C as a bundle 
on C together with gluing isomorphisms, it is easy to see that the trivializations 
eliminate all of the automorphisms of the Gieseker bundles. It follows that A is 
an algebraic space. The action of (C x ) y is freely transitive on the trivializations, 
so quotienting by this action is equivalent to forgetting the trivialiations. □ 

Corollary 2.3. M 9) /([pt /C x ]) is a smooth Artin stack. 

Proof. Choose a collection {B a } of etale neighborhoods which cover M g j. The 
collection {A a } covers M g j([pt /C x ]). □ 

Corollary 2.4. The dimension of M 9i /([pt /C x ]) is 

dim(C x )(g - 1) + 3(g - 1) + |7|. 

Proposition 2.5. The stack M S) j([pt /C x ]) satisfies the "valuative criterion for 
completeness" : Let R be a complete discrete valuation ring, with fraction field K, 
and consider the "disc" D = Spec(i?) and the "punctured disc" D x = Spec(K). 
Given a family ((C, <7j), 7) of Gieseker bundles on D x , we can extend the family 
to D x (possibly after etale base change). 

Proof. Although rarely stated in this form, this result is implicit in the literature 
on GIT constructions of coarse moduli spaces. To keep this paper somewhat 
self-contained, we sketch a proof. 
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M, g j is complete, so it's enough to prove the valuative criterion for the forgetful 
morphism F : M fli /([pt /C x ]) — > M g j. We fix a stable curve (£, <7j) extending the 
stabilization of C to (an etale refinement of) D. 

The result now follows from the projectivity of coarse moduli spaces of S- 
equivalence classes of families of rank 1 torsion free sheaves on varying nodal 
curves. More precisely: A result of Seshadri [Ses82] implies that there is a surjec- 
tive morphism from the fiber of F over the chosen family (E, <jj) : D — > M 9) / onto 
the stack of stable rank 1 torsion free sheaves on the family S; we associate to any 
principal C x -bundle 7, the pushforward m*E of the line bundle E associated to 
7 and the standard representation of C x . Simpson's GIT construction [Sim94], 
based on Maruyama's boundedness results [Mar81], guarantees that the coarse 
algebraic moduli space of S'-equivalence classes of rank 1 torsion-free sheaves on 
a family of projective curves is projective and hence complete. Completeness of 
the coarse moduli space implies the existence (though not uniqueness) of some 
family of torsion-free sheaves extending any m^E, hence the existence (though 
not uniqueness) of a family of Gieseker bundles extending the given one. □ 

The stack M 9i /([pt /C x ]) is not separated, because the degree d of a bundle 
can split as d = (d + n) —n for any n G Z if the curve develops a node. However, 
this is essentially the only source of non-separatedness. 

Proposition 2.6. The fiber of F at any nodal curve (£,o"j) in M 9i /(pt) is sepa- 
rated. 

2.2. Deformations. First, we want to show the existence of deformations. 
Proposition 2.7. M 9i /([pt /C x ]) is unobstructed. 

Proof. The obstructions to deforming a bundle 7 on a fixed curve C are captured 
by the Ext-group Ext 2 ((p*L y ) cx ,O c ). Here C is the struct ure sheaf of C and 
(p*Lp) cx is the C x -invariants in the pushdown of the cotantent complex of 7 
along the structure morphism p : 7 — > C. This Ext-group vanishes because C is 
one-dimensional. The vanishing of obstructions to deforming the curve and the 
bundle together follows from the tangent-obstruction sequence derived from the 
exact triangle associated to the cotangent complex Ly/c- □ 

It follows that any Gieseker bundle (C Q , o~ Q ^ 7 ) can be deformed to a family 
(C, <7j, 7) on the Spec of a discrete valuation ring. 

The following lemma characterizes the degeneracy types which can occur when 
we deform a given Gieseker bundle. 

Lemma 2.8. Let (C c , a 0t i, 7 ) be a Gieseker bundle having degeneracy type (j a , d ), 
and suppose that we are given a deformation (C,o~i,7) of (C o ,0~ Oj i,7 o ) over the 
Spec of a discrete valuation ring. The degeneracy type (7, d) of the generic fiber 
can be any degree-labelled modular graph obtained from (7 ,d ) by the combina- 
tions of the following elementary operations: 
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(1) Resolve a self node: Delete a self-edge attached to a vertex v, increasing 
the genus g v by 1, leave the multi-degree unchanged. 

(2) Resolve a splitting node: replace a pair of vertices v\ and v 2 with a single 
vertex v, having genus g v = g vi + g V2 and multidegree d v = d vi + d V2 . Any 
other splitting edges connecting v\ and V2 become self-edges. 

Moreover all such modular graphs occur in some deformation. 

Proof. Induction on the number of nodes, using the modular graph stratification 
of the stack of curves. □ 

Corollary 2.9. M 9i /([pt /C x ]) is locally of finite type. 

Proof. Every stratum is clearly of finite type, and the lemma says that we only 
reach finitely many strata by deformation. □ 

Corollary 2.10. The connected components o/M 9i /([pt /C x ]) are labelled by total 
degree d of the Gieseker bundles. 

M^([pt/C x ]) = UM^([ P t/C x ]). 

del 

Remark 2.11. The corollary makes it obvious that M Si /([pt /C x ]) is of infinite 
type. The connected components M^ 7 ([pt /C x ]) can also be of infinite type. Any 
modular graph 7 with at least two vertices carries countably many multi-degrees 
d : V y — > Z for which ^2 veV d v = d. 

Corollary 2.12. The modular graph decomposition (see Definition 1.8) 

M 9i/ ([pt/C x ])= \JM ( , S , 

(7,d) 

is a stratification, meaning that the closure ofM^^) in M 9) /([pt /C x ]) is obtained 
as a union 

cl(M (7 ,d)) = |J M {Yd >), 

(7',d') 

where the primed union is over all multidegree-labelled modular graphs (7, of) 
obtained from (7, d) by sequences of the following elementary operations: 

(1) Self node: Lower the genus of a vertex by 1, and add a self-edge. 

(2) Splitting node: Split a vertex v into two vertices v-y and v 2 , connected by 
an edge, with g vi + g V2 = g v and d vi + d V2 = d v . 

(3) Gieseker bubbling: Replace an edge connecting a stable vertex v to a stable 
vertex v' with two edges connected to a common vertex v having g v = 
and d v = 1, while subtracting 1 from the degree d v or d v > . (Note that v 
may equal v' .) 

Proposition 2.13. The boundary of the closure in the corollary above is a divisor 
with normal crossings. 
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3. The Structure of the Local Atlas 

In this section, we describe some aspects of the geometry of our atlas A which 
we will need in the proof of our main theorem. 

We begin by introducing a refinement of A's modular graph stratification. 
Then we study the action of S — (C x ) v on A, and characterize the stabilizer 
groups of the points of A. In particular, we shall see that the Kirwan-Ness 
stratification by stabilizer group is compatible with our refinement of the modular 
graph stratificaiton. 

Next, we identify some finite-type subspaces Sn u ,N[ of A, which parametrize 
Gieseker bundles on the family H/B whose multidegrees obey certain bounds 
involving collections N u and Ni of integers. We show that changing N u or Ni 
amounts to adding or deleting strata which parametrize certain deformations of 
the fixed point loci of subgroups of S- 

Finally, we show that, if N u and Ni are "as close as possible" , then the quotient 
stctck 

[S Nu , Nl /(C*) v }~Q N x[pt/Cll 

where C (C x ) y is the diagonal subgroup and Q n is an algebraic space which 
is proper over B. 

Notation 3.1. In the remainder of this section, A is the component of the atlas 
A a associated to a particular etale neighborhood B in M, g j, centered at a curve 
whose modular graph is j . 

3.1. Refined Modular Graphs. When discussing the deformations of a curve, 
it can be useful to keep track of which nodes of the curve are being smoothed. 
We introduce the following definition to make this idea precise. 

Definition 3.2. A deformation 7 of the modular graph 7 G consists of the following 

data: 

(1) a subset E 1 C E Jo , and 

(2) a partition V 1 of R lo = U veVr V^ - 

These data determine a modular graph (also called 7), whose vertices are the 
blocks of the partition V 1 , with edge set E 1 and tail set I lo . The gluing maps 
come from 7 Q . The set of splitting edges E^ pht of a deformation of a modular 
graph is the set of edges in E y which connect different blocks of the partition, 
i.e., the splitting edges of the modular graph 7. 

A deformation of a multi-degree labelled modular graph (70, cQ is simply a 
deformation of the underlying modular graph, together with a labelling d : V 1 — > 
Z satisfying the conditions enumerated in Proposition 2.8. 

Proposition 3.3. The stratification of A by labelled modular graphs can be re- 
fined to a stratification by deformations of labelled modular graphs (possibly after 
restricting to an smaller etale neighborhood B' — > B). 
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3.2. Stabilizer Groups. Let (C, <7j, 7, {t v }) be a Gieseker bundle representing 
a closed point of A, i.e., (C, <7j) is a modification of the fiber of ir : £ — > B over 
some closed point b E B. We say that a group element (g v ) G (C x ) y stabilizes 
(C, y, {tt,}) if the action of (g v ) - given by t v <7„£„ - produces an isomorphic 
object. 

We identify the stabilizer group of (C, <7j, IP, by working on the normal- 
ization C, as explained in Section 1.2; the bundle IP is specified in terms of a 
bundle IP and a collection of gluing isomorphisms {g e }, one for each node a e in C . 
The trivializations simply lift; each stable component of C carries one or more 
trivializations. 

We can use this picture to identify the automorphisms of (C, <Tj, IP, {t v }) as 
follows: If we rescale a trivialization t v by the group element j„ 6 C„ x , then we 
can try to compensate this rescaling with an automorphism of the bundle IP. 
There are two obstacles to carrying out this procedure: 

(1) rescaling IP on C v may rescale other trivializations, and 

(2) rescaling may change the gluing maps, so that the automorphism of IP 
doesn't descend to an automorphism of IP. 

We can only avoid the first obstacle if we act with the same group element on 
any trivializations which are based on the same component of C. The second 
obstacle can be avoided in two ways: If a gluing isomorphism connects the sta- 
ble component C v to a Gieseker bubble, we can use the extra automorphism of 
the Gieseker (lifting the bubble's rotations) to rescale this gluing isomorphism, 
while leaving the gluing isomorphism on the other side of the bubble untouched. 
Alternately, if the gluing isomorphism connects two stable components, we must 
act on all trivializations on these components with the same group element. 
We formalize this discussion as follows: 

Definition 3.4. Let 7 = {E 1) V^) be a deformation of the modular graph 7 G . The 
partition R = R^) ofV = V lo associated to 7 is the one given by the equivalence 
relation which identifies v and v' if there is a path in 7 from the vertex represented 
by the block <9 7o (t> ) to the vertex represented by the block d lo (v'), which does not 
pass through any unstable node. 

Definition 3.5. Let R be a partition of the V — V lo — U reR V r . (C X ) R denotes 
the subgroup (C x ) yr C (C x ) y corresponding to the block V r , and C^ r C (C x ) yr 
denotes the diagonal subgroup of (C x ) v ' r . The subgroup Si? C S associated to the 
partition R is the product 

S_r = n r6fi c^ r . 

Proposition 3.6. Let (C, (Xj, IP, {t v }) be a closed point of the stratum A lt d labelled 
by a deformation 7 = (E 7 , V^) of ^ Q and a multi-degree d. The stabilizer group of 
(C, (Tj, T, {t v }) is the group Si? associated to the partition R = R(j). 
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Note that the stabilizer group depends only on the modification 7 and not on 
the multi-degree. 

Note also that Sr always contains the diagonal subgroup of (C x ) y ; this 
subgroup is the group of global rescalings of 7. 

Definition 3.7. We say that a partition is non-trivial if S_r 7^ C£. We denote 
the collection of edges which link different blocks of the partition by E R pht . 

3.3. The Fixed Point Loci. Let F R C A denote the fixed point locus of the 
group Sr, i-e., the substack of A classifying Gieseker bundles whose stabilizer 
group is Sr- The stabilizer group of a Gieseker bundle depends only on the 
refined modular graph, so Fr is a union of strata A ltd - Thus, the stratification 
of A by stabilizer groups is compatible with the stratification by deformations of 
labelled modular graphs. 

Deformations which remain in the fixed point locus Fr must not smooth any 
of the Gieseker bubbles which define the partition R. This implies that such 
deformations must preserve the partial sums 



It is easy to see that the connected components of F R are in correspondence with 
collections of integers n = {n r ) r& R G Z R . 



Roughly speaking, these integers n keep track of the multidegrees on the stable 
components of C . 

Example 3.8. In the special case of Example 1.12, the only non-trivial partition 
is the two-block partition R = {{v + }, {v-}} associated to the modular graph 
of the special fiber (E ,<r 0i j). The fixed point stratum G A d labelled by 
n = (n + , n_) is the point pt n which classifies Gieseker bundles- with-trivializations 
whose multidegree is (n + , l,n_). (In Example 1.12, we used the notation pt n G 
A d , with d = n + + n_ + 1 and n = — 

3.4. Finite-Type Subspaces of A. It follows from the discussion in Section 1 
that the connected components A d of the atlas A are of infinite type whenever 
\Vy a \ > 2, and finite type otherwise. When \Vy a \ = 1, the stack A d is proper, 
relative to B; it is the compactified Jacobian of E. (Indeed, it is clearly of finite 
type and complete. And, because E/S is a family of one-component curves, there 
is no degree-splitting, so A d is separated in this case.) 

However, when IV^J > 2, the atlas A d of has infinitely many finite-type strata. 
It is useful to think of this proliferation of strata as follows: The fiber of / : A — > B 
over a point b G B for which E b has only self-nodes is of finite-type. But if b 




n 
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moves in such a way that £5 splits into two components, then the degree d 
can split between these components arbitrarily, as d — (d + n) — n. This can 
happen in multiple ways, depending on how acquires nodes; moreover, the 
corresponding strata can meet in higher codimension, if £& degenerates to a curve 
having multiple components. 

In this section, we define some finite-type algebraic subspaces Sn u ,n l C Ad- 
These stacks parametrize Gieseker bundles whose multidegrees obey certain in- 
equalities, which govern how d can split as (d + n) — n). 

Notation 3.9. When R is a non-trivial two-block partition of V lo (with blocks V + 
and V~), the fixed point strata are labelled by pairs of integers n = (n + , 
On Ad, the total degree d is fixed and we must have n + + n_ + k = d, where 
k = k(R) = \E s ^ ht \ is the number of edges in 7 which connect a vertex in V + to 
a vertex in V~ . In this situation, it makes sense to label fixed point strata with a 
single integer N, for which n = (n + , = (d + N — k, —N). Making this choice 
simplifies some of our notation, and introduces funny asymmetries elsewhere. 

Definition 3.10. Choose collections of integers 



where R = {V^, V Jo } ranges over the set NT2B(^ ) of non-trivial 2-block parti- 
tions of V = V° a . We assume that N U (R) > N t (R) for all R. 

If (7, d) is any multidegree-labelled deformation of 7 Q which has at least two 
vertices, then the choice of a 2-block partition R of V lo induces a 2-block partition 
of Vy = Vl + U V~. We define, for any 2-block partition R, the partial sums 



The locus Sn u ,Ni of degree d Gieseker bundles with multidegree bounded by N u 
and Ni is the union of all strata A 1 ^ in A^, for which, if 7 has multiple vertices, 
then for any partition R G NT2B(j ), the partials sums defined above obey the 
following inequalities: 



N u = (N U (R)) 



and iV z = (Ni(R)) 



d + (^,R) = ^ d v d-(~f,R) = ^2 d ' 




d+(i, R) >d + Ni(R) - k(R) + 1 
d-(-y,R)>-N u (R) + l, 



where k(R) = \E s ^ ht 



is the number of edges in 7 connecting vertices in V£ to 



vertices in K 



Note that 



(1) UK(R)>N, 



u 



(R) and NftR) < Ni(R), then 
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(2) Ad is the increasing limit 

A d = lim S Nu>N 

N u (R)->oo,Ni(.R)^-°° 

Example 3.11. In the special case of Example 1.12, the atlas A d is finite-type 
except in the special fiber, which is an endless chain of rational curves. There 
is only one non-trivial 2-block partition of the relevant modular graph, so we 
need only specify integers N u and iVj. In this situation, the inequalities above 
pick out the subscheme SN u ,N t illustrated below; note that this scheme includes 
all Gieseker bundles on smooth curves, but only those strata in the special fiber 
which "lie between" the fixed points singled out by N u and iVj 



pt 



Sn u ,n { 
f 

B 



Remark 3.12. Roughly speaking, the spaces S^ u ,N t are obtained by deleting the 
"infinite tails" of Ad-, which classify bundles where the splitting degree becomes 
large. We shall make this more precise below. 

3.5. Finite-Type Substacks and Fixed Point Strata. It is intuitively clear 
that there must be some relationship between the finite- type spaces Sm u> Ni defined 
above and the fixed points of the groups Sr- The inequalitities in Definition 3.10, 
in essence, forbid us from using Gieseker bubbles to shift degree across the nodes. 
In this subsection, we make these ideas precise. 

3.5.1. Deformations which Smooth Gieseker Bubbles. Fix a non-trivial 2-block 
partition R of V lo and consider F^, the n-th connected component of the fixed 
point locus F R of Sr- The bundles in the locus F^ have Gieseker bubbles at the 
nodes labelled by the splitting edges in E s ^ ht . 

A bundle classified by Fjj has Gieseker bubbles at each node labelled by one 
of the splitting edges in E s ^ ht ; each such Gieseker bubble has two nodes, both of 
which stabilize to the same node. Let Dj^ be the subspace of Ad which classifies 
bundles obtained by smooth at most one of the nodes on each of the Gieseker 
bubbles labelled by Ef u . 

The condition we've used to define Dj^ can be stated in terms of labelled 
deformations of modular graphs, so D\ is a union of strata labelled by such. 
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Example 3.13. In the special case of Example 1.12, where there is only one non- 
trivial two-block partition, the locus D n containing the fixed point set F n = pt n 
is 

D n = (U n ) = Spec = \ pt n . 

{z n w n ) / 

This is a pair of affine lines meeting at a common origin pt n . 

The (C x ) v action on respects the modular graph stratification, so the action 
of Sr on A d restricts to an action of Si? on D\. Since Sr acts nontrivially on 
all the strata in Dj^ \ F^, we may think of these strata as flowing "towards" or 
"away" from the fixed point locus Ff. 

Definition 3.14. Z\ is the algebraic subspace of D\ for which the weights of 
9_r on the conormal bundle N p-/z- are an non-negative. 

Likewise, C Dj^ is the algebraic subspace for which the weights of on 
the conormal bundle N f^/w^ are a ^ non-positive. 

Example 3.15. In the special case of Example 1.12, 

Z n = SpecC[z n ] 

and 

W n = SpecC[w n ] 

In the example, above Z n and W n are the total spaces of vector bundles (of 
rank 1) over the fixed point locus F n . An analogous statement is generally true. 

Definition 3.16. The projection map 7]z : Zj^ — > Fj^ sends a Gieseker bundle 
(C, CP) to the Gieseker bundle obtained by 

(1) creating a Gieseker bubble at every node a e labelled by an e e E s ^ ht for 
which the modification m : C — > S is trivial, and 

(2) for each such node o~ e , twisting the bundle on the curve component on 
one side of a e by the divisor — o~ e . Which side one twists at is determined 
by the requirement that the resulting multidegree land in the n-th fixed 
point locus. 

Similarly, we have a projection map rjw '■ — > F^. 

Proposition 3.17. Zj^ is the total space of the conormal bundle N f xl/ Z !±. Like- 
wise, is the total space of the conormal bundle N F ^ w ^. 

Proof. The fiber of the projection map 7]z over a given Gieseker bundle in F^ is 
the stack of bundles on the union of all Gieseker P^s and points which can arise 
as the preimages under the modification map of nodes in £& labelled by edges 
e G E s ^ llt . The stack of such bundles on a point is a copy of C x , and the stack of 
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such bundles on a Gieseker P is a pt. Thus, every fiber of r\ z is a copy of A 1 « 
the Gieseker strata give a toric decomposition. 

The proof for rj w is identical. □ 

Corollary 3.18. Z\ and W% are smooth. 

Proof. Zji is the total space of a vector bundle on the fixed point locus Ff . □ 

This fact will be important in our proof of the main theorem. 

3.5.2. An Alternate Description of Sn u ,Ni- Pick a partition R e NT2B(j ) and 
define M U (R) and M^R) by 

\N U (R) otherwise \Ni(R) otherwise. 

Proposition 3.19. Sn u ,n 1 is the complement of W^ 1 ^ in Sn u ,Mi'- 

S N u ,N t = S NujMl \ W^ R) . 
Likewise, Sn u ,N[ is the complement of Z^ u ^ in Sm u ,Ni'- 

q _ q \ 7 Nu(R) 

Proof. This is an elementary observation: Deformations which land in T^(N U ) 
shift all of the degree l's from the Gieseker bubbles to the components in the 
block V + of R. The inequality 

d+( 1 ,R)>d + N l (R)-k(R) + l 

says precisely that these deformations are forbidden. □ 

The proposition implies that SN u ,N t is obtained by deleting the "infinite tails" 
of Ad, generalizing the picture given in the examples involving Gieseker bundles 
on curves of genus with 4 marked points. More precisely: 

Definition 3.20. Let N u = (N U (R)) and N t = (N t (R)) be as in Definition 3.10. 
For any partition R e NT2B(^ ), consider the following algebraic subspaces of 
A d : 

Ti(N u )= |J Zl and T% \N{) = [j W n R . 

n>N u (R) n<Ni(R) 

These loci are the infinite tails associated to the partition R and the indices N u 
and N t . 

Proposition 3.21. The space S^ u ,n { is obtained as the complement 

Sn uM = A\ (J Ti(N u )UT^(N t ). 

ReNP 2 (~f ) 

of the union of the infinite tails. 
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3.6. Proper Substacks. Obviously, the subspaces Sn u ,n, get smaller as we make 
N u and N t closer together. We now consider the extremal case where 

N U (R) =Ni(R) + l = N(R) 

for all R G NT2B(^ ). The corresponding algebraic subspace is denoted 

Sn = S(N(R)),(N(R)-1)- 

Lemma 3.22. The stabilizer group of any Gieseker bundle classified by Sn is 
C*. 

Proof. The inequalities in the definition eliminate from Sn any stratum 
which, for any non-trivial 2-block partion R, has a Gieseker bubble on every node 
connecting components labelled vertices in different blocks of R. This means that 
any two components are connected by a path which does not pass through any 
unstable P^s. It follows that the stabilizer group of any point in S R is the diagonal 
CI. □ 

Suppose that choose a particular v o G V and thereby split (C x ) v ~ x 
(C^^M. The lemma above says that (^C x ) v ^ v °^ acts freely on Sn, allowing 
us to forget all but one of the trivializations, by fixing them in reference to t vo . 
More precisely, the quotient stack [Sn/(C x ) v ] can be written as 

[S N /(C x ) v ]~Q N x\pt/CZ], 

where Qn is the stack which classifies degree d Gieseker bundles equipped with 
a single trivialization t vo (or equivalently, the coarse moduli space f degree d 
Gieseker bundles) obeying the inequalities from the definition. 

Proposition 3.23. The coarse moduli space Qn defined above is proper, relative 
to B. 

To prove this, we shall need some facts about the multidegrees of bundles which 
can occur in the special fiber of a family on the Spec of a discrete valuation ring. 
Let R be a discrete valuation ring, with fraction field K, and associated disc 
D = Spec(i?) and punctured disc D x = Spec(K). 

Definition 3.24. We will say that two principal C x -bundles y o and 7' on the 
special fiber S G are fiber twists of one another if T ~ 7' x C x T, where T is the 
restriction to S G of the principal bundle associated to the divisor ^2 v€V n v Yl 0iV 
on E. 

Suppose we are given a family of curves E/Z) on the disc, with smooth generic 
fiber, and a family of C x -bundles jy(E|£>x) over the punctured disc D x . If the 
family 3 extends to D, with special fiber CP , then it can also be extended to D 
with special fiber J" D any twist of IP . When the generic fiber is nodal, one can 
repeat this story by focusing attention on each smooth component. 
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The set of multi-degrees of twists of the trivial bundle may be identified as 
follows: Consider the intersection matrix k = (k vv >) of E c . If v ^ v', then 
k vv i = |E ou D E ou /|, the number of nodes common to both curves. If v — v', 



Kv = — |E 0j „ fl E \ E 0j „|, the number of nodes where E 0j „ meets the closure of its 
complement. 

Lemma 3.25 ([Cap08]). The set of multidegrees of twists of the trivial bundle is 
the lattice A Eo C Z^ 70 generated by the columns of the intersection matrix k. 

Proof. This follows from the fact that the degree deg E Os(E y) is equal to 

k vv i . n 

Proof of Prop. 3.23. Qn is clearly of finite type. 

We show that the valuative criteria for completeness and separability are sat- 
isfied. Let R be a discrete valuation ring, with fraction field K, and associated 
disc D = Spec(i?) and punctured disc D x = Spec (if). We claim that, given 
any family (C, CP) of Gieseker bundles onD x which satisfy the inequalities from 
the definition, there exists a unique extension of (C, CP) to D whose special fiber 
satisfies the inequalities. 

The stack M 9) /([pt /C x ]) is complete, so there is some extension of CP to the 
entire disc D. The set of all possible extensions consists of all twists of a certain 
bundle CP C on the special fiber of C, and clearly at least one of these twists will 
satisfy the inequalities from the definition. Moreover, only one of these twists 
can lie in Q N , so Qn is separated. This follows directly from the characterization 
of multidegrees of twists of the trivial bundle in Lemma 3.25: A non-trivial twist 
will always shift the degree on some component of the special fiber by a multiple 
of k(R). In the special case N U (R) = Ni(R) + 1, this leads to a violation of the 
inequalities. Thus, any non-trivial twist of a Gieseker bundle in Qn lies outside 

ofQn- ' □ 

4. Admissible Classes 

In this section, we introduce the admissible classes, and estimate the weights 
of their fibers over fixed points as functions of n. 

4.1. Definitions. The definitions given here are relative versions of the ones 
given in [TW03]. 

Recall that M fli /([pt /C x ]) carries a universal curve C with universal marked 
points <7j : M 5i /([pt /C x ]) — > C, and a universal bundle p : CP — > C. The universal 
bundle may be thought of equivalently as a morphism : C — > [pt/C x ], and 
the universal marked points give rise to evaluation maps evj : M s j([pt /C x ]) — > 
[pt/C x ]. 

For any finite-dimensional representation V of C x , let V = (p*V be the vector 
bundle on E 9 / associated to V by the universal bundle. 



28 



EDWARD FRENKEL, CONSTANTIN TELEMAN, AND A.J. TOLLAND 



Definition 4.1. The evaluation class ev*[V] is the ^-theory class on M 9i /([pt /C x ]) 
represented by the vector bundles a*V. 

A descendant class is a K-theory class of the form ev*[V] ® [Zf "'], where T« = 
<J*T* is the pullback of the relative cotangent bundle of the morphism n : C — > 
M 9i /([pt /C x ]) and ni is a positive integer. 

Remark 4.2. These are i^-theoretic gravitational descendents. Their cohomo- 
logical analogues, the -^-classes, are the images of these classes under the Chern 
character: ch([Tj]) = exp(ipi). 

Definition 4.3. The Dolbeault index class Iy of a representation V is the topolog- 
ical K-theory classes associated to the complexes Rn^V of sheaves on M 9i /([pt /C x ]). 
The determinant of cohomology of V is the line bundle det Iy = det Rn*V. 

Definition 4.4. A line bundle £ on M 9i /([pt /C x ]) is admissible if it is topo- 
logically isomorphic to a positive (possibly fractional) power of the dual of the 
determinant of cohomology of the standard representation C of C x : 

£ _1 ~ (det i?7r,0*C)® 9 

for some positive rational number q. 

Definition 4.5. An admissible complex a on M S) /([pt /C x ]) is the tensor prod- 
uct of an admissible line bundle £ with any number of Dolbeault index and 
evaluation/descendant classes. 

a = £ (S)a(R^V a ) (g) ®,(ev* V> <g> T® ni ). 

An admissible class is a topological K-theory class represented by sums of admis- 
sible complexes. 

4.2. Weight Estimates in the Local Atlas. The local atlas A d has universal 
curves and bundles as well, and one can define the admissible classes associated 
to these universal structures. These admissible classes, so defined, agree with 
the pullback of admissible classes from the stack M^,^)- We will use the same 

notation for classes on Ad that we used for classes on M fli /([pt /C x ]). 

Admissible complexes are complexes of coherent sheaves on Ad, so we can 
represent them as complexes V of vector bundles. If / e is a Si?-fixed 
point, then the fiber of V 1 at / is a Sij-representation. The weights of these 
representations, being both discrete-valued and continuous in /, depend only on 
the connected component F^. Our goal in this section is to estimate the 9r- 
weights of the fixed-point fibers of V 1 as functions of n. 

Proposition 4.6. For any 2-block partition R e NT2B(j ) , 

(1) The Sn-weights of the fixed point fibers of the evaluation and descendant 
classes are bounded functions of n. 
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(2) The index complex Rir*V is quasi- equivalent to a complex L* of vector 
bundles, and the ^R-weights of the fixed point fibers of each bundle L l in 
this complex are bounded functions of n. 

(3) The ^R-weights of fixed-point fibers of admissible line bundles L grow lin- 
early with n, with positive coefficient. 

The remainder of this section is devoted to proving this proposition. 
Let / G be a fixed point of Sr C 9, represented by (Cf, af ti , Tf, {t v j}). We 
denote the modular graph of (Cf, (7/^) by 7. 

Lemma 4.7. Let Ca be the irreducible C x -representation of weight \, and let 
^\\c f — "Pf x c x Ca be the associated bundle on Cf. Recall that Sr is a product 
Il r C^ r . Let U be an open subset of Cf which is entirely contained in one of the 
components C v j of Cf. If C v j is one of the components of the block V* , then 
C^ r acts on T(U,V x \c f ) with weight —A. Otherwise, C^ r acts on F(U,V\\c f ) 
with weight 0. 

Proof, f is a Sj?-fixed point, so if we scale the trivializations t v (v G V r ) by 
g r G C^ r , we can compensate by rescaling the bundle's fibers on the appropriate 
components of Cf by g~ x . This rescales the local sections of the associated bundles 
V\\c f by the appropriate power g~ x . □ 

4.2.1. Evaluation and Descendant Classes. The fixed-point fiber of an evaluation 
bundle ev* V = o~*V is simply the fiber of V at the image o~i(f) of the fixed point 
inside Cf. Any C x -representation V is a direct sum (B a < C\ a of irreps, so Lemma 
4.7 implies that the Sir weights of the fixed-point fibers of the evaluation bundle 
are constant functions of n . 

Similarly, Sr acts trivially on the stable components of Cf (although it rotates 
the Gieseker bubbles), so the same reasoning show that weights of the fixed-point 
fibers of the descendant class cr*(V <8> (T^)® fc ) are constant in n. 

4.2.2. Index Classes. The morphism n : C — > Ad is projective, the atlas Ad is 
locally Noetherian, and the associated vector bundle V on C (being a locally-free 
sheaf) is flat over A d . It follows (Hartshorne III. 12 [Har77], p. 282-4) that, locally 
on Ad, R7r*V is quasi-equivalent to a complex L' of finitely-generated locally-free 
sheaves. These locally-free sheaves are generated by local sections {s a } of a Cech 
resolution of V; each such section s a represents a chosen generator of the sheaves 
i?/*V. 

The fixed-point fibers of the L l are spanned by the images of the generators s a 
in the fibers. Such images are represented by local sections of V\c f , so Lemma 
4.7 above implies that the Sr- weights on the fixed point fibers don't depend on 
n. 
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4.2.3. Admissible Line Bundles. Any admissible line bundle £ is topologically a 
positive (possibly fractional) power (L) q of the determinant class £1 = det" 1 Rn^Vi 
associated to the standard representation Ci of C x . The S_R-hxed point weights 
of (£ i)® q are linear in q, so it's enough to compute them for fix. 

Dual and determinant are functorial operations, so, as elements of K$ R (f ), 

[L 1 \ f ] = (det[RT(C f ,V 1 \ Cf W 1 . 

These if-theory classes are topological invariants, so they are unchanged by defor- 
mations within F^, so we may assume C/ has only those nodes that it must have 
represents a Sirhxed point (i.e., those nodes which create the required Gieseker 
bubbles). Furthermore, these characters are necessarily polynomial in the compo- 
nents n v of n, so it's enough to compute them when n v ^> for all v G V 7 . In this 
situation, there are no higher co homologies, and the global sections in T(C V , Vi\c f ) 
are specified by giving sections of Vi\c f on the irreducible components C v j of C/. 
(The sections on the Gieseker bubbles are determined by continuity at the nodes, 
since the space of possible such sections is two-dimensional.) The weights of Sr 
on these sections were computed in Lemma 4.7. 

[RT(C f , VA Cf )] = ]T(n r + 1 - g r )t-\ 

Thus, we have 
Proposition 4.8. 

[L\ f }= IW 7 ^ +1 -^. 

As promised, the fixed point weights grow linearly in n = (n r ), with positive 
coefficient. 



5. Gromov-Witten Invariants for [pt /C x ] 

Definition 5.1. Let [T^] G K([pt /C x ]) be a collection of K-theory classes, in- 
dexed by % G i\ Let £ be an admissible line bundle, and let ®aiy^ a be a collection 
of index classes. Set 

The h-twisted Gromov-Witten invariant (Vi, ...,V\j\)h associated to the collection 
{Vi} is the Euler characteristic of the admissible complex 

h (g) ®i ev* Vi = £ (g) ®„(i?7r,V A J (g) ®i ev* V 

The /i-twisted invariants for descendant classes are defined similarly. 
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5.1. Statement of The Main Theorem. The Euler characteristic of a complex 
a on M Si /(pt/C x ) is the Euler characteristic of the right-derived pushforward 
R{F<p)*a. The fibers of F are not proper, so it is not obvious that these invariants 
are well-defined. 

The remainder of this section is devoted to proving that the following theorem, 
which implies that the K-theory class 

Fa* [a] := [RF^a] = ^(-l^^a)] 

i 

is a finite sum, hence well-defined. (Here I is any locally free resolution of RF*a. 
Such resolutions exist because M g j is smooth and projective. The K-theory class 
is independent of which resolution we choose.) 

Theorem 5.2. The derived pushforward R*F*a of any admissible complex a* is 
coherent. 

5.2. Proof of the Main Theorem. Coherence is a local property, so we can 
check the coherence of RF*a in our favorite atlas A = U deIl A d . 

A — M (Si(Ti) M fll j([pt /C x ]) 

F 

B is affine and q : A — > M( SjCTi ) presents M(s j(7i ) as a quotient by (C x ) y , so 
proving coherence amounts to proving that the (C x ) v invariants in the derived 
global sections RT(A,a) are finitely-generated. 

We'll prove this in two steps: First, we'll work at fixed total degree d, showing 
that the (C x ) y invariants in the derived global sections RT(Ad,a) are coherent. 
Then, we'll show that these invariants vanish for all but finitely many d, so that 
the sum 

[RT(A,a)]^ V = J2iRnA d ,a)]^ V 

del 

is well-defined. 

5.2.1. Coherence on A d . There are two cases: \V lo \ = 1 and jV^J > 2. 

The first case is essentially trivial. If \V lo \ = 1, then, as we have observed, Ad 
is the compactified Jacobian, proper over B. In this case RT(Ad,ot) is finitely- 
generated, as is its sub module of (C x ) v ~ C x -invariants. 

The second case - \Vy a \ > 2 is more complicated, because Ad is not proper 
over B. It has infinitely many finite-type strata. We would like to show that 
most of these strata do not contribute to (C x ) y -invariants to RT(A d , a). 



B 



32 



EDWARD FRENKEL, CONSTANTIN TELEMAN, AND A.J. TOLLAND 



Recall that we can obtain Ad as the limit 

A d = lim S NutN . 

N u (R)^oo,Ni(R)^-infty 

The following statement about local cohomology allows us to reduce the question 
of finite-generation on Ad to the question of finite-generation on any Sn u ,Ni- 

Lemma 5.3. Let V be a finite rank (C x ) y -equivariant vector bundle on Ad for 
which, for all non-trivial two-block partitions R, the ^R-weights of the fibers ofV 
over a S^-fixed point are linear functions of n, with positive coefficients on 
the linear terms. 

Fix a partition R and multidegree bounds N u and N h and abbreviate 
S = S NuM Z = Z N -W- 1 (R) R W = W^ (R)+l . 
The (C x ) v -invariants in the local cohomology groups 

R P T Z {S,V) and R P T W {S,V) 

are finitely generated. 

Moreover, these local cohomologies vanish if N U (R) ^> and Ni(R) <C for all 

R. 

Proof The argument for W has the same form as the argument for Z, so we focus 
on the latter case. 

The sheaf V is torsion-free, so the local cohomology sheaf T Z (V) vanishes. In 
fact, because Z is a closed connected subvariety of S (of codimension q), the only 
non-zero local cohomology sheaf is R q Tz{V). The local-to-global spectral se- 
quence, together with the exactness of the (C x ^-invariants functor, implies that 
the vanishing of the S_R-invariants in the local cohomology groups R l Tz(S,V) 
follows from the vanishing of the C^-invariants in R P T(A, R q T z (V)). The vanish- 
ing of the latter invariants follows (via the filtration spectral sequence) from the 
vanishing of the S_R-invariants in the cohomology groups R^T(Z, V ® Sym Nz/s)- 

Z is the total space of a vector bundle over the fixed point locus F = F^ u ^ 1 , 
so (taking global sections over the fibers, we see that 

IVr(Z,V® Sym N Z /s) = i?r(F, V<g> Sym jV z/s <g) SymiV F/z ). 

The weight spaces in the two Sym's in the RHS above are finitely generated, 
and vanish for negative weights. Since V is finite rank, it follows that the (C x ) y - 
invariants in the RHS are finitely-generated. Moreover, because we have assumed 
that the fixed-point weights of V grow linearly, with positive coefficients, the 
(C x ^-invariants in the RHS vanish if N u and iV; lie outside some finite range. □ 

We saw in Section 4 that an admissible complex can be represented as complex 
of bundles V which satisfy the conditions of the lemma. (The evaluation, descen- 
dant, and index classes are all bounded, and the admissible line £ supplies the 
linear growth.) 
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Corollary 5.4. There exist N u and JVj such that 



RT(A d ,a)^ V =RT(S Nu , Nv a)^ V . 



Proof. The local cohomology groups in the lemma measure how RT(Sn u ,Ni, a ) 
changes if we increase N U (R) or decrease Ni(R) by 1. Since the invariants in 
these local cohomologies vanish outside some finite range of N u and Ni the limit 



The finite-generation of invariants in the local cohomology also lets us delete 
strata from S NujNr This may alter the (C x ^-invariants, but because the local- 
cohomologies are finitely-generated, it will not alter the fact of their finite-generation. 
So, we can check finite-generation by reducing to the "minimal" subspace Sn 
(= Sn,n-i)- But, by Proposition 3.23, the invariants in RT(Sn,cx) are the in- 
variants in RT(Q n ,a). Qn is coherent, so the latter invariants are automatically 
finitely generated. 

Corollary 5.5. The (C x ) v -invariants in RT(A d , a) are finitely-generated. 

5.2.2. The Sum over d. Now we would like to show that the (C x ) y -invariants in 
RT(A d , a) vanish, for all but finitely many d. 

The diagonal subgroup C (C x ) v fixes all of A d , so the global sections 
RT(A d , a) form a complex of C^-representations. The C^-weight spaces in this 
complex are non-zero for only finitely many weights. The width of this range 
depends on the class a; however, the growth of the upper and lower bounds of 
the range depend only on the admissible line bundle factor £ in a. In particular, 
the upper and lower bounds grow linearly in d, with positive coefficient. (This is 
a consequence of Proposition 4.8; the weights of the diagonal are proportional 
to q (n r + 1 — g r ) = d + constant.) Vanishing for all but finitely many d follows. 



6.1. Definitions. Recall that [X/C x ] is, by definition, the fibered category whose 
objects are triplets (B, 7, s) consisting of a test scheme B, a principal C x -bundle 
p : 7 — > B, and a C x -equivariant morphism s : 7 — > X. Morphisms between such 
pairs are Cartesian diagrams 



lim 

N u (R)^oo,N l (R)-+-oo 



RF(S Nu ,N v Ct 




stabilizes. 



□ 



6. Towards Gromov-Witten Invariants for [X/C x ] 



f 



V 



B 



^B' 



such that s — s' o /. 
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The upshot of this definition is that the natural map p : X — > [X/C x ] is a 
principal C x -bundle, and any map (j) : C — > [X/C x ] gives rise to a pullback 
diagram 

CP S -^X 



c — t [X/C x ] 

Thus maps to [X/C x ] are principal C x -bundles, together with a section s of the 
associated fiber bundle CP x C x X. 

There is a natural notion of degree for such maps. Define the homology of 
[X/C x ] by the equation H n ([X/C x }) = H^+ dim(cx) (X), so that the image of the 
C x -equivariant fundamental class [CP]£ is the usual fundamental class [C]. We will 
say that a map : C -> [X/C x ] has dearee /3 G ^ 2 C + X dim(C x)(X) = # 2 ([X/C X ]) 
if the pushforward s*[CP]c* = (5. For a map to pt /C x , this notion of degree is 
equivalent to the usual definition of a bundle's degree via the first Chern class. 

Definition 6.1. A Gieseker map from C to [X/C x ] is a triplet ((C, cr,), CP, s) 
consisting of: 

(1) a prestable marked curve (C, <7j), 

(2) a principal C x -bundle p : — > C, and 

(3) A section s : 5 -> X, 

such that 

(1) has degree on any irreducible rational component of C which has one 
node and one marked point. 

(2) y has either degree or degree 1 on any unstable rational component of 
C which has two nodes. 

(3) s is non-trivial on any unstable component on which J 1 has degree 0. 

A Gieseker map has degree (3 e H 2 ([X/C X }) if s*[c*CP] C x = (3. 

We denote by M Si /([X/C x ]) the fibered category of Gieseker maps to [X/C x ] 
from stable marked curves of type (g,I)- Its connected components are labelled 
by the degree (3 E H 2 ([X/C X }); we denote them by M 9i / i/3 ([X/C x ]). 

It is clear from the definition that there is a forgetful map 

F s : M gJ A[X/C x }) -> M s , /i/u/3 (pt/C x ), 

where ft*f3 is the degree obtained from the homomorphism ft* : H 2 ([X/C X ]) — > 
H 2 (\pt /C x ]). We forget the section s and we obtain a Gieseker map to [pt /C x ] 
by contracting any rational components which carry trivial bundles. 

Remark 6.2. This definition is inspired by Kontsevich's definition of stable 
maps. Sections s : CP — > X are locally maps from C to X. Thus, sections 
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can degenerate in families in exactly the same way that maps to X do, by devel- 
oping singularities. We cure these singularities by bubbling where the singularity 
occurs. 

Theorem 6.3. F s is proper and Deligne-Mumford. 

Proof. In essence, the result follows from the fact that [X/C x ] — > [pt /C x ] is 
proper and representable. We make the argument precise by proving valuative 
criteria for completeness & separability. Let R be a discrete valuation ring (over 
C), with fraction field K and consider the associated disc D = Spec(i?) and 
punctured disc D x = Spec(K). 

Let us suppose that we have a family (C, <7j, CP, s) over D x , and an extension 
(Z,Zi,$l) of F S (C, ai, CP) to D. (Any required base changes will be subsumed in 
the notation.) 

Completeness: 

We want to exhibit an extension (Y,yi,Q,t) of (C, cr i; CP, s) to D such that 
F a (Y,y i ,Q,t) = (Z,z i ,%). 

First, we extend the family (C, <7j) to D. This may require base change, and is 
an easy consequence of the existence of nodal reduction [HM98]. We denote the 
extension by (Y', y^). Y' comes equipped with a contraction map c : Y' — > Z. The 
marked We denote by Q' the pullback c*CR; note that Q' is trivial on components 
collapsted by c. 

Given Y', the graph of s gives us an embedding j : C — > Xqt, where X Q > is the 
associated bundle Q' x C x X. The morphism u : X Q > — > £) has compact fibers, 
so the closure j(C) of the image of j is also a finite type curve over D. j(C) is 
not necessarily prestable. However, by using resolution of singularities, we may 
obtain a prestable curve Y" (with a resolution map r : Y" — > j{C)); base change 
may also be required at this step. This gives us a sequence of maps (over D) 

Y" ~^j(Cj^-* X QI y -1* z , 

where pr : X t *y — > Sq is the bundle structure map. The composition c r = 
Co o pr o j o r : F" — > Z is necessarily a contraction map. We denote the pullback 
c*CR by Q". We denote the lifts of the marked points Zi by y". 

Pulling back CR step by step from C to Y", we get a sequence of bundles, the 
last of which is c*CP, as in the diagram below. 

Q" Q'xl Q! CP 

Y" — ^ j(C0^^^ X Q' "^-^ ^' ^ 
We also get a section s' : Q" — > X from the composition 
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The collection (Y",y", Q", s') is a map to [X/C x ], but not necessarily a Gieseker 
map, as the curve may have unstable components carrying a trivial bundle and 
a trivial section. We obtain the desired extension by contracting these unstable 
components. 

Separability: Now suppose that we are given two different pairs (Y ± , y lji , Q±, si) 
and (Y 2 ,y 2ti , Q2, s 2 ) which both extend the given family over D compatibly with 
the given Giesker map (Z,z i: JV) to [pt /C x ]. We may freely suppose that both 
extensions are defined over the same base extension. 

Consider the fiber product Y 1 x Z Y 2 . Our assumptions imply that Yi\ D x — Y 2 \ D x 
and that the special fibers of Y 1 and Y 2 both contract onto the special fiber of 
Z. It follows that all the maps in the bottom diamond of the diagram below are 
contraction maps. 

Q 



Qi Y 1 x z Y 2 Q 2 




Y 1 % Y 2 




Z 



Moreover the two sections Q — > Qi — > X and Q — > Q2 — > X agree on the open 
dense set Q|d x - X is separated, so the two sections agree. The Gieseker map 
obtained by contracting any unstable components in Y 1 x z Y 2 is unique, so it 
follows that the two given families are isomorphic. 

Deligne-Mumford: (Sketch of proof) Let C v be a component of C. If C v is 
contracted to a point by the section-forgetting morphism F s , then c ?\c v is trivial, 
so s\c v must be equivalent to a non-trivial map C v — > X. We know from Gromov- 
Witten theory that such maps admit only finitely many automorphisms. 

On the other hand, if C v is stable, then the existence of a non-trivial section 
on C can only reduce the number of automorphisms. 

□ 

Now consider the stack Wl 9j i jVm p([pt /C x ]) the stack of all degree ft*@ maps 
from prestable curves to [pt /C x ]. This stack is smooth. We obtain a morphism 

f s : m, i/i/3 ([x/c x d - m Mf3 ([ P t /c x ]) 

by forgetting the section s, but not contracting any unstable components. 
Theorem 6.4. L^r admits a relative perfect obstruction theory. 
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Recall from [BF97] that a relative perfect obstruction theory for Ly is pair 

(E, e) consisting of an element E of the derived category of M, g j^([X/C x }), and 
a homomorphism e : E — > Lp^ in the derived category, such that 

(1) E = [E" 1 — > E°] is locally equivalent to a two-term complex of locally 
free sheaves. 

(2) H°(e) is an isomorphism. 

(3) H^ 1 (e) is a surjection. 

Proof of Theorem 6.4- Our proof is an almost word-for-word copy of the one given 
by Behrend & Fantechi in [Beh97] and [BF97]. 

Fix a curve C and a principal C x -bundle p : — > C, and let T denote the space 
Hom C x (T, X) of sections. T comes equipped with "universal" families, illustrated 
below. 



9 x r — 

pxidr 

c x r — 



[X/C > 



It follows from the functorial properties of the cotangent complex that we have 
a morphism e : s*Lx — > p*ir*Lr. If we take C x -invariants in the pushdown via p, 
we get 

e' : (^s*L x ) cx 7r*L r . 
Tensoring with the dualizing complex of C, we obtain a morphism 

e" : w c ® (p*s*L x ) C>! — > <H> 7T*L r = 7r ! L r . 

Then, by adjunction, we have a morphism 

e" : i?7r*(a;c ® (p*s*L x ) c>< ) -> L r . 

Finally, it follows from Verdier duality that 

R^{u c ® (p*s*L x f x ) = Rtt^s*T x ) c \ 

and so we have a morphism 

e: [ J Rvr,(^ S *T x ) cx ] v ^Lr. 

This morphism is a perfect obstruction theory for Lr', the proof is more or less 
the same as in [BF97]. Moreover, all of the objects here generalize well to the 
relative case, and therefore apply to the universal family. Thus, we have a perfect 
relative obstruction theory 

e:E = [R7t^s*T x f x } v ^L K , 
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where now n, p, and s refer to the universal families on the moduli stack. □ 

Given this perfect obstruction theory, we can define the virtual structure sheaf 
Qvtr _ qvvt ^ x ^ £x ^y This is an element of the bounded derived category of 

coherent sheaves on M 9i / ii a([X/C x ]), which may be thought of as a family of 
virtual fundamental K-homology cycles on the fibers of F s . It is defined using the 
virtual normal cone machinery developed by Behrend & Fantechi [BF97]. The 
definition we give here seems to have first appeared in print in [Lee04]. 

First, recall the intrinsic normal cone [BF97]. This is a cone stack 3% associated 
canonically to a Deligne-Mumford stack X. It is defined locally on an etale open 
set U — > X by choosing an embedding u : U — > W of U into a smooth scheme W 
and then setting 3%\u — [Cu/wl L *T\y], where Cu/w denotes the normal cone of 
U in W and TV is the tangent bundle of W . This construction is independent of 
the choice of embedding and glues nicely to give 3%- Moreover, the construction 
works in the relative case, giving a normal cone 3/ = 3x/y for any Deligne- 
Mumford morphism / : X — > ^ of X to a smooth, unobstructed, equidimensional 

We will denote the relative intrinsic normal cone of M 9i / ii a([X/C x ]) relative to 
9ttg,/,/t*/3(pt /C x ) by 3p . The existence of a perfect relative obstruction theory 
for F s implies [BF97] that there exists a closed embedding 

i : % - [E l /E } 

where the two-term complex E v = [E° — > E 1 ] of vector bundles is the dual of the 
complex E, and [E 1 / E°] the quotient stack of E 1 by the action of E°. 

Definition 6.5 (fLee04l). The virtual structure sheaf Q~ r „ , „ is the element 

of the bounded derived category of coherent sheaves D(M 9i / i/ 3([X/C x ])) defined 
by the derived tensor product 

L 



M gJtf3 (lX/Cx]) ~ 09 M 9ji(3 ([X/Cx])- 

F s is proper and Deligne-Mumford, so there exists a pushforward along it: 

(F s )» : K°(M gJ AlX/C x ])) - ^ (M 9i/i/ ^(pt/C x )). 

But F s is obstructed, so this pushforward does not have good properties. We 
correct this by using the virtual pushforward, defined by 

(F s )riV} = (FMV <g) V%, lA[x/€ 4- 

°™ g ,i,gax/cx]) 



GROMOV-WITTEN GAUGE THEORY I 



39 



Thus, we have established the existence of virtual pushforwards along F s . The 
next step in defining Gromov-Witten invariants for [X/C x ] is to introduce a 
notion of "admissible class" on M g j tl3 ([X/C x ]), and show that the virtual push- 
forward of such a class is an admissible class on M 9i /(pt/C x ). We intend to 
address this question in a future paper. 
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